We present a detailed experimental procedure for preparing relativistic vortices, governed by the nonlinear Dirac equation, in a two-dimensional Bose-Einstein condensate (BEC) in a honeycomb optical lattice. Our setup contains Dirac points, in direct analogy to graphene. We determine a range of practical values for all relevant physical parameters needed to realize relativistic vortices in BEC of 87 Rb atoms. Seven distinct vortex types, including Anderson-Toulouse and Mermin-Ho skyrmion textures and half-quantum vortices, are obtained, and their discrete spectra and stability properties are calculated in a weak harmonic trap. We find that most vortices are stable with a lifetime between 1 and 10 seconds.
Multi-component Bose-Einstein condensates (BECs) present an ideal setting for studying complex vortex structures [1] . Such vortices allow for topologically intriguing configurations ranging from skyrmions to knots [2] [3] [4] . The usual method for adding a spinor structure to a BEC relies on hyperfine degrees of freedom or different atomic species. Instead, we use the band structure and linear dispersion relation around the Dirac points at the Brillouin zone edge of a honeycomb optical lattice to realize a four-component Dirac spinor, in direct analogy to graphene [7] . This gives us both pseudospin as well as a relativistic structure. To accomplish this, we propose starting with a BEC of weakly interacting alkali metal atoms in the lowest Bloch state of a 2D honeycomb optical lattice, then using Bragg scattering to populate Bloch states at the two inequivalent Dirac points, followed by the application of a Laguerre-Gaussian laser beam to deliver a net angular momentum to the BEC which excites a plethora of vortex structures. The vortices we obtain are solutions of the nonlinear Dirac equation (NLDE), whose stability is determined by the relativistic linear stability equations (RLSE) [5, 6] . Our work on the NLDE+RLSE system opens up the field of relativistic simulations in BECs at velocities ten orders of magnitude slower than the speed of light.
In this letter we combine the study of Dirac points with superfluid vortices, an environment reminiscent of particle physics models where relativistic vortices are commonplace [16, 17] . Stability of a BEC at the Dirac points presents a challenge, since Bloch states there have finite crystal momentum and nonzero energy. We handle this problem by introducing an intermediate asymmetry between the A and B-sublattice potential depths which opens up a mass gap. Using a gap enables us to construct initial and final Bloch states, ψ A,0 and ψ A,K (with Dirac point momentum K), as superpositions of the two degenerate states at the Dirac point with velocities c l and −c l , respectively. This produces a state with group velocity equal to zero, relative to the lattice. Stationarity of the BEC with respect to the lattice and the lab frame is significant experimentally, since the BEC can remain confined in an external trapping potential indefinitely and does not suffer from dynamical instabilities associated with relative motion between the BEC and lattice. The end result is a metastable state in which thermal losses can be managed by maintaining the system at very low temperatures. For realistic experimental parameters our relativistic vortices are stable for up to 10 seconds, as long or longer than the lifetime of typical BECs.
Relativistic vortices are realized in the emergent nonlinear Dirac background, in the long wavelength limit of a 2D honeycomb lattice. The usual BEC parameters in 3D are renormalized, once for the dimensional reduction [18] , and again after integrating over the lattice Wannier functions and going to long wavelengths. Consequently, NLDE physics is only experimentally realizable in practice when several energy and length constraints are satisfied. We list these constraints in Table I along with their mathematical definitions. For our calculations, we use the semiclassical estimate [19] of the hopping param-
is helpful to consolidate the constraint inequalities to arrive at expressions relating the temperature T and length scales of the system, a s , a, d, L z , and R ⊥ :
where d is the average inter-particle distance defined in terms of the particle density d =n −1/3 . All other quantities are defined in Table I . The temperature T in Eq. (2) depends indirectly on the ratio V 0 /E R throughn. We can get an idea of how the particle density affects T by evaluating the inequalities for different values ofn while The honeycomb lattice is composed of two degenerate hexagonal lattices, A and B, which leads to the band crossing and the Dirac cones. The lattice potential is straightforward to implement experimentally [20, 21] using light tuned either to the blue or to the red of an atomic resonance. For the red-detuned lattice, all three laser fields are polarized parallel to the plane of propagation so that the polarization of the net field is spatially dependent. This polarization gradient produces a spindependent lattice potential which is key to our method, allowing for differentiation between different hyperfine ground states. Figure 1 (a) shows the optical potential produced for 87 Rb atoms in different hyperfine states when the lattice is formed from λ L = 830 nm light [20] .
Preparation of the BEC at a Dirac point is accomplished by first condensing into the lattice via evaporative cooling, then inducing Bragg scattering between crystal momenta 0 and K using auxiliary laser fields. We start with the BEC in the lowest-energy Bloch state and hyperfine state m F = 0 with the spin-dependent potential turned on so that a mass gap is in place. The gap is defined as 2 |m s |c 2 l , which measures the difference in potential depths between the A and B-sublattices as shown in 2(a). Note that m s c l is the corresponding mass term in the NLDE, with c l the effective speed of light (see Table  I ). The lattice depth is then increased adiabatically [20] . Only the sublattice with the lowest energy is occupied at this point, assumed here to be the A-sublattice. Bragg scattering to a Bloch state at a Dirac point can be accomplished by applying two laser fields with wavevectors k b1 and k b2 , which satisfy k b1 − k b2 = K and have frequencies ω b1 and ω b2 . These frequencies satisfy With the BEC at the Dirac point but only in the A-sublattice sites, we populate the B-sublattice by first transferring atoms to a hyperfine state that does not experience the vector light shift and therefore has no mass gap. We can then populate the B-sublattice Bloch state by applying a periodic perturbation which modulates the amplitude of one of the lattice laser fields. This provides an anisotropy in the tunneling matrix elements, which results in a net transfer of atoms to the B-sublattice, as depicted in both panels of Fig. 2 . Finally, the transfer of atoms to the non-equivalent Dirac point K ′ can be accomplished again by Bragg scattering from a lattice formed using auxiliary laser fields [22] . The Rabi frequency and resulting time-dependent populations for the K and K ′ points are depicted in Fig. 1(c) . We analytically and numerically obtain seven physically distinct NLDE vortex types as follows (a table detailing the functional form of each vortex type is included in supplemental materials, as well as a brief review of the NLDE and RLSE). (i) The vortex/soliton is a bright soliton or density peak in the center in the first component with a vortex of phase winding 2π around the outside in the second. (ii) The ring-vortex/soliton is also a bright soliton in the first component, but the vortex component is a ring peaked near the healing length r = ξ Dirac . (iii) The Anderson-Toulouse skyrmion has the same core structure as the vortex/soliton, but the spinor components are continuously interchanged as the distance from the core increases, while staying within the bounds 0 < |ψ A |, |ψ B | < 1 and conserving total density
The Mermin-Ho skyrmion again has similar behavior near the core but the soliton (vortex) amplitude decreases (increases) monotonically away from the core within the bounds cos(π/4) < ψ A < 1 and 0 < ψ B < cos(π/4). (v) The half-quantum vortex or semion is characterized by a phase discontinuity such that far from the core the amplitudes have the form ψ A ∝ cos(θ/2) and ψ B ∝ sin(θ/2); the additional π phase is accounted for by a rotation between the Dirac spinor components. So far, all of these solutions have one unit of angular momentum, ℓ = 1 with ℓ ∈ N, either a phase winding of 2π in one component or a winding of π in each component. Additionally, for arbitrary phase winding (ℓ > 1) (vi) ring-vortices and (vii) topological vortices exist with ℓ − 1 (ℓ) units of winding in the first (second) spinor component, but differ in their asymptotic form. Component amplitudes for the ring-vortex peak at around one healing length from the core and quickly decay for large r. On the other hand, topological vortices retain non-zero density far from the core. Several representative vortices are plotted in Fig. 3 . All of the vortices here can be created using straightforward variations of the transition sequence depicted in Fig. 2 . In the supplemental materials, we explain how vortices are realized in practical experiments.
For most of vortex types (i)-(vii), we find lifetimes τ to be long compared to the lifetime of the BEC itself. Using the RLSE (as detailed in supplemental material), we obtain we obtain the following values for τ : 9.13 s, 10.43 s, 11.51 s, 1.57 × 10 −7 s, 1.57 × 10 −7 s, 1.25 s, 1.29 × 10 −5 s; for the vortex/soliton, ringvortex/soliton, Anderson-Toulouse, Mermin-Ho, halfquantum, ℓ = 2 ring-vortex, and ℓ = 2 topological vortex, respectively. To complete our description, we have computed the discrete spectra pertaining to the case of . In each figure, the renormalized chemical potential is plotted as a function of the normalization (both quantities are covered in more detail in the supplemental material). There are two regimes characterized by power law:μ ∝ N α . The weakly interacting free-particle regime occurs for small N , whereas the strongly interacting vortex regime is in the region of large N ). Note that the vertical and horizontal axes labels are dimensionless.
planar confinement by a weak harmonic trap. These are plotted in Fig. 4 . Note that ring-vortices are minimally affected by the presence of a weak trap, since they are highly localized objects and lie very near the center of the trap.
In conclusion, we have described in detail a method for constructing a stable BEC at the Dirac points of a honeycomb optical lattice. Our system allows for relativistic vortex excitations in a macroscopic Dirac spinor wavefunction, providing a means of studying high energy field theoretic vortices in a condensed matter setting. We have completely specified the required physical parameters, lifetimes, and spectra for harmonically bound vortices as a prescription guide for the experimentalist. Variations on the NLDE have tremendous potential for a host of relativistic simulations in BECs. Interesting examples include Soler models [23] and the extended Gross-Neveu model [24] . Our work puts such efforts on a solid experimental footing. ken down, Eqs. (5)- (6) form a 4 × 4 eigenvalue problem in the quasi-particle amplitudes u k,A(B) and v k,A(B) (with momentum k) associated with particle and hole excitations of the A(B)-sublattices at a Dirac point. Vortices possess cylindrical symmetry so we express Eqs. (5)- (6) in plane-polar coordinates, factor the quasi-particle amplitudes into radial and angular parts, then substitute in the particular solution for ψ A(B) . We then obtain a set of first-order coupled ODE's in the radial coordinate to be solved consistently for the functions u A(B) (r), v A(B) (r) and the associated eigenvalues. We discretize the derivatives and functions using a forward-backward average finite-difference scheme, then solve the resulting discrete matrix eigenvalue problem using a standard numerical diagonalization method. Vortex Lifetimes -To compute vortex lifetimes, we solve the RLSE to obtain the quasi-particle spatial functions and eigenvalues. In general, for vortex solutions of the NLDE certain eigenvalues and eigenmodes key to understanding the physical motion correspond to NambuGoldstone modes, i.e., anomalous with a small imaginary component [28] . When thermal losses are small, it is the imaginary part of the linear eigenvalues which depletes the BEC. We define the vortex lifetime by computing the time for depletion to reach a significant fraction of the total fixed number of atoms in the system, and consider only depletion coming from the mode with the largest imaginary term in its eigenvalue. The lifetime is then given by τ = [ /Im(E)] ln (R ⊥ /I), expressed in terms of the largest linear eigenvalue E and the planar radius of the BEC R ⊥ , in units of the lattice constant a (see Table 1 in the main article). Note also that the spatial integral I here is specific to each vortex type. For the experimental parameters of Table 1 , we find the longest lived solutions to be the vortex/soliton and AndersonToulouse vortex with τ = 11.51 s, compared to the typical lifetime of a 87 Rb condensate in an optical lattice of less than a second [29] .
Chemical Potential Spectra -In order to have a clear comparative prediction for energies involved in creating our vortices, we solve the NLDE using a numerical shooting method in the presence of a weak harmonic trap of frequency ω ⊥ = 2π × 0.0387 Hz along the direction of the lattice. This is the frequency associated with a planar BEC radius equal to 100 times the lattice constant. In this case vortices come in radially quantized states. For simplicity, we focus mainly on the lowest radial excitation. Using a generalization of the method in [30] , we have obtained the dimensionless (renormalized) chemical potentialμ ≡ µ/ ω ⊥ as a function of the normalization N = √ 3 ω ⊥ N U/3t 2 h for each vortex type, as shown in Fig. 4 in the main article. Here, N is the number of atoms in the system with the other quantities defined in Table 1 .
